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Spatially patterned spontaneous emission in a double-V-type quantum emitter
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In this work, we propose a method to control spontaneous emission in a double-V-type quantum emitter
near a plasmonic nanostructure using optical excitation with vortex beams. By leveraging the spatial and phase
variations of the vortex beams, a spatially dependent interference and coherence of the upper energy states
is induced, leading to an altered emission spectrum. The study reveals phenomena such as emission peak
narrowing and merging, along with pattern conversion and redistribution in the transverse plane. Importantly,
this method allows for remote distance control of spontaneous emission by tuning the separation between the
quantum emitter and the plasmonic nanostructure, offering a new way to manipulate emission properties in
hybrid quantum-plasmonic systems. This approach could find applications in quantum information processing
and tunable nanoscale photonic devices.
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I. INTRODUCTION

There are many fascinating phenomena happening when
light interacts coherently with the quantum systems, among
them electromagnetically induced transparency [1–3], coher-
ent population trapping [4], lasing without inversion [5,6],
and others [7–11]. Strong modification of the optical char-
acteristics observed in these phenomena originates from the
coherent control of the atomic states and quantum transi-
tions in laser-driven media. The quantum interference (QI)
plays a major role in many effects when alternative quan-
tum pathways interfere in-phase (out-of-phase) leading to
enhancement (suppression) of a specific transition, respec-
tively [12–15]. Consequently, this can produce unusual optical
conditions: cancellation of absorption or emission [16,17], or
giant optical nonlinearities [11,18]. In recent decades these
topics have garnered significant attention due to their impor-
tance for many prominent applications, including slow and
stored light [19], precision optical sensing [10,20,21], and
quantum information processing [22,23].

Coherent control of the spontaneous emission can be suc-
ceeded by QI between different spontaneous decay channels
[24–31]. This topic has seen a widespread research employing
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various approaches and media types, aiming at better under-
standing of atom-photon interactions and creating advanced
applications. One of the ways to regulate QI is by varying
phase difference between the beams coherently exciting the
upper states [26]. However, controlling spontaneous emission
in most media is challenging due to the special requirements.
QI relies on nonorthogonal electric dipoles of the spontaneous
emission process, and can be maximized when the corre-
sponding dipoles are almost parallel or antiparallel. Some
researchers have simulated the required conditions by placing
quantum emitters (QEs), like atoms, molecules, or semicon-
ductor quantum dots, close to a photonic structure, which
induces anisotropic Purcell effect [32]. This effect ideally
suppresses the decay rate for one dipole orientation while
maintaining it for the other. It was later suggested to place
the QEs next to plasmonic nanostructures (PNs) to enhance
QI, with its strength being controlled by adjusting the PN-
QE separation [33–36]. This way, the control of light and
matter interaction at the nanoscale becomes feasible. Different
optical properties of hybrid plasmonic-quantum systems have
been explored [34,37–42].

Many studies on coherent light-matter interaction in quan-
tum systems have turned recently to the exploration of optical
fields with more complex spatial profiles than the usual plane
waves or Gaussian laser beams. Among those the beams with
the orbital angular momentum (OAM) [43,44], commonly
called optical vortices, should be emphasized. They have been
extensively studied under different settings and for various
optical media, demonstrating applications spanning optical
communication [45], particle trapping [46,47], quantum in-
formation processing [48], quantum entanglement [49], and
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more [50–52]. Optical vortices, possessing additional degrees
of freedom due to OAM, present advanced options to encode
information and achieve more subtle control over the param-
eters of the optical medium. Previous investigations showed
such phenomena as the OAM exchange between optical fields,
control of light storage, and others. Moreover, due to the
peculiar spatial and phase profile of the vortex beam (axial sin-
gularity and helical wavefront), it is possible to create specific
spatial patterns and locally adjustable optical response of the
atomic media [38,53,54]. Recently, the interaction of optical
vortices with atoms in free-space has been used for the control
of the spontaneous emission spectrum patterns emerging from
the atoms [55,56].

In this paper we present an approach where the optical
vortex beams are used to control the spatial distribution of
the spontaneous emission in a coupled quantum-plasmonic
medium. The system under study is a double-V-type QE con-
taining four distinct energy levels. Two closely spaced upper
states are excited from a single ground state with two laser
beams, followed by the spontaneous decay from the excited
levels to two lower states. This V-type atomic system is re-
alized as a QE in the proximity of a PN which facilitates
QI between the spontaneous-emission channels. Subsequently
we introduce an approach for spontaneous-emission control
by employing spatially inhomogeneous optical vortices as the
pump fields, marking a significant departure from previous
methods where control over QI was achieved solely through
the variation of the relative phase between two laser fields
[26,36]. In our case, there is a variable relative phase existing
across the spatial profile of the pump beam. Such excita-
tion leads to the inhomogeneous interaction and coherence
between the excited states. Introducing spontaneous decay
channels to this scheme forms a closed loop structure which
exhibits a position-dependent spontaneous emission spectrum
influenced by the vortex fields (similar to the spatially depen-
dent EIT studied previously in [53]). Noteworthy observations
arise, including the narrowing and merging of emission peaks,
as well as the conversion and redistribution of patterns across
the transverse plane. These phenomena are intricately guided
by the relevant optical parameters, symmetries of excitation
fields, and the distance between the QE and the PN.

II. THEORETICAL MODEL

We consider a model of QE with a double-V-type con-
figuration consisting of two lower energy states |0〉, |1〉 and
two upper energy states |2〉, |3〉, see Fig. 1(a). The system
can be viewed as consisting of two linked V-type subsystems
where upper energy levels form a closely spaced doublet. This
system is excited by two laser fields with the equal optical fre-
quencies and Rabi frequencies �02 and �03 coupling ground
state |0〉 with the two upper states |2〉, |3〉. Both excited states
|2〉, |3〉 decay spontaneously to the lower states |0〉, |1〉 with
the corresponding decay rates γ21, γ31 and γ ′

20, γ
′
30. For the

closely spaced upper energy states we can assume that γ21 =
γ31 = γ and γ ′

20 = γ ′
30 = γ ′. The QE located in vacuum at

distance d from the surface of the PN consisting of a periodic
array of metal-coated dielectric nanoparticles, which is shown
in Figs. 1(b) and 1(c). Similarly to Ref. [36], we assume the
decay to level |1〉 is facilitated by the surface plasmons of
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FIG. 1. (a) Energy level scheme of a double-V QE where two
upper states decay spontaneously to two lower states after excitation
by the pump fields. A metal-coated dielectric nanosphere (b) and a
2D array of such spheres (c).

the nearby PN, while the decay to |0〉 is only affected by the
free-space vacuum modes.

In what follows we consider coupling fields �02 and �03 as
optical vortices with the spatially dependent Rabi frequencies

�02(r, φ) = |�02(r, φ)|eil2φ = |�02|
( r

w

)|l2|
e− r2

w2 eil2φ, (1)

�03(r, φ) = |�03(r, φ)|eil3φ = |�03|
( r

w

)|l3|
e− r2

w2 eil3φ, (2)

where r and φ represent radial and azimuthal coordinates,
respectively, and beam waist w is the same for both beams.
Parameters l2 and l3 are the integer values corresponding to
OAM numbers of the coupling beams. Note, that for some
of our results we will take l3 = 0, apparently in this case
�03(r, φ) is reduced to a Gaussian beam with a plane wave-
front.

The light-QE interaction in this setup (excluding sponta-
neous emission) can be described by the following Hamilto-
nian:

Ĥ = h̄δ̄+|2〉〈2| + h̄δ̄−|3〉〈3| + h̄�02(r, φ)eiδt |0〉〈2|
+ h̄�03(r, φ)eiδt |0〉〈3| + H.c. (3)
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Following the wave function approach as in Ref. [36] and
applying the Weisskopf-Wigner theory [26], the correspond-
ing probability amplitudes c2, c3, ck of both excited states and
the emission mode obey the following system of differential
equations

iċ2(t ) = �20c0(t ) + (δ̄+ − iγ̄ )c2(t ) − iκc3(t ), (4)

iċ3(t ) = �30c0(t ) − iκc2(t ) + (δ̄− − iγ̄ )c3(t ), (5)

iċk(t ) = δkck(t ) − igk2c2(t ) − igk3c3(t ). (6)

Here, δ̄± = δ ± ω32/2 where δ = ω − ω̄ is the detuning of
the applied field from the frequency ω̄ = (ω2 + ω3)/2 − ω0,
which represents the difference between the average energy
of the upper states and that of the lower state; ω32 = ω3 − ω2

is the energy difference between the upper states; γ̄ = γ + γ ′
is the total spontaneous emission rate to both lower levels;
�m0 = �∗

0m(m = 2, 3) are the c.c. of the Rabi frequencies of
the corresponding excitation transitions; k denotes the wave
vector of the emitted photon; gkm is the coupling constant of
transition |m〉 ↔ |0〉 with the kth vacuum mode of frequency
ωk and δk = ωk − ω̄ denotes the frequency difference (see
Ref. [36] for more details). The wave vector k indexes the
so-called “vacuum modes,” which in our case, refers to the
photon states in the surrounding environment of the quantum
system which is the lattice of plasmonic spheres. These modes
are accounted for within the electromagnetic Green’s tensor of
the lattice of spheres.

The spontaneous emission rate γ and the coupling coef-
ficient κ of the upper states can be expressed as γ = (�⊥ +
�||)/2, κ = (�⊥ − �||)/2 [36]. Here, �⊥(�||) represent the
normal (parallel) component of the spontaneous emission
rate, respectively, which characterizes dipole orientation rel-
ative to the surface of the nanostructure. Mathematically,
�⊥, �|| are expressed through the corresponding compo-
nents of a dyadic electromagnetic Green’s tensor as �⊥,|| =
μ0μ

2ω̄2Im(G⊥,||)/h̄ where G⊥,||(r, r; ω̄) depends on the dis-
tance r of the QE from the surface of the PN and on the
frequency ω̄. Using the above relations, the measure of QI
can be introduced as p = κ/γ = (�⊥ − �||)/(�⊥ + �||). The
parameter p depends on the difference of the values of the
decay rates �⊥ and �|| and can be nearly maximum (|p| ≈ 1)
when �⊥ 
 �|| or �⊥ � �|| and zero when �⊥ = �||, where
the latter is the condition in the vacuum. More details on the
PN and also details on the calculation of the electromagnetic
Green’s tensor are presented in the Appendix.

The long-time spontaneous emission spectrum is given by
S(δk ) ∝ |ck(t → ∞)|2, where

ck(t → ∞) = −gk2K (δk ) − gk3L(δk )

D(δk )
. (7)

Thus,

S(δk ) ∝ |gk2|2|K (δk )|2
|D(δk )|2 + |gk3|2|L(δk )|2

|D(δk )|2 , (8)

where

K (δk ) = ic0(0)[�20	−(δk ) − i�30κ] + ic2(0)[δk	−(δk ) − |�03|2] − ic3(0)[iδkκ − �20�03], (9)

L(δk ) = ic0(0)[�30	+(δk ) − i�20κ] − ic2(0)[iδkκ − �02�30] + ic3(0)[δk	+(δk ) − |�02|2], (10)

D(δk ) = δk[	+(δk )	−(δk ) + κ2] − [|�02|2	−(δk ) + |�03|2	+(δk )] + iκ[�20�03 + �02�30], (11)

and we used the notation for 	+ and 	− as

	±(δk ) = δk − δ̄± + iγ̄ . (12)

Note also that in the above expressions the Rabi frequencies
�0m and �m0 (m = 2, 3) represent the functions of the radial
coordinates, i.e., �0m = �0m(r, φ) and �m0 = �m0(r, φ).

III. SPONTANEOUS EMISSION
IN DOUBLE-V-TYPE SYSTEM

In this section, we consider the spatial spontaneous
emission distributions for various conditions of light-matter
interaction in the double-V-type system. We investigate the
dependence on several parameters, like the distance between
QE and PN, different initial atomic states, and different OAM
numbers of the coupling fields. We note that the two laser
fields have a direction parallel to the PN so that they are not
scattered off from it. Moreover, we can always make the waist
w in Eqs. (1) and (2) such that is smaller than the distance
between the QE and the NP. In any case, the results shown in
Figs. 2–7 are in units of w, i.e., independent of the choice of

the waist of the incident beam. We will consider three scenar-
ios with different PN-QE distances. Scenarios where the QE is
in close proximity to the PN at a distance of d = 0.1c/ωp are
shown in the first two figures (Figs. 2 and 3). The situations
where the QE is at an intermediate distance from the PN, with
d = 0.4c/ωp, are shown in the subsequent two figures (Figs. 4
and 5). The cases where the QE is located at a long distance
from the PN, specifically at d = 0.9c/ωp, are shown in the
final two figures (Figs. 6 and 7). Figures 2, 4, and 6 correspond
to scenarios where only the first beam possesses OAM l2 �= 0,
while the other beam is nonvortex with l3 = 0. Conversely,
Figs. 3, 5, and 7 correspond to the cases where both beams
exhibit OAM with opposite signs l2 = −l3 �= 0. In addition,
panel (a) of each figure shows the scenario where the QE is
in its ground state, with c0 = 1, c2 = c3 = 0, while panel (b)
showcases QE in an equal superposition of the excited states
c0 = 0, c2 = c3 = 1/

√
2.

In what follows we will consider a situation where energy
splitting between upper energy levels is zero. In this case δk =
δ = ω32 = 0 and δ̄± = 0. Also, the decay rates are considered
to be equal γ ′ = γ ′

20 = γ ′
30 = �0, where �0 is the decay rate
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FIG. 2. Transverse patterns of the spontaneous emission
S(δk )/S(0). Here d = 0.1c/ωp. Initial state: (a) c0 = 1, c2 = c3 = 0,
(b) c0 = 0, c2 = c3 = 1/

√
2. OAM numbers: (i) l2 = 1, (ii) l2 = 2,

(iii) l2 = 3, (iv) l2 = 4 and l3 = 0.

of the upper states |2〉 and |3〉 to the lower state |1〉 in the
vacuum. Values of γ and κ vary with the distance d to the
PN, since the parameters �⊥ and �|| are distance dependent.
The coupling fields are assumed having the same amplitudes
|�02| = |�03| = �0.

Taking into consideration the above conditions, we have
	+ = 	− = iγ̄ , so the previous relations for K, L, D reduce
to

K = −c0(0)[�20γ̄ − �30κ] − ic2(0)|�03|2 + ic3(0)�20�03,

(13)

L = −c0(0)[�30γ̄ − �20κ] + ic2(0)�02�30 − ic3(0)|�02|2,
(14)

D = −iγ̄ [|�02|2 + |�03|2] + iκ[�20�03 + �02�30]. (15)

Depending on the initial state of QE, these quantities
can be further reduced. For example, in the case of c0 = 1,

FIG. 3. Transverse patterns of the spontaneous emission
S(δk )/S(0). Here d = 0.1c/ωp. Initial state: (a) c0 = 1, c2 = c3 = 0,
(b) c0 = 0, c2 = c3 = 1/

√
2. OAM numbers: (i) l2 = −l3 = 1, (ii)

l2 = −l3 = 2, (iii) l2 = −l3 = 3, (iv) l2 = −l3 = 4.

c2 = c3 = 0 the QE is in the ground state and K and L take
the following form:

K = �30(r, φ)κ − �20(r, φ)γ̄ , (16)

L = �20(r, φ)κ − �30(r, φ)γ̄ . (17)

On the other hand, in the case of c0 = 0, c2 = c3 = 1/
√

2 the
QE is in the excited superposition state with

K = i√
2

[�20(r, φ)�03(r, φ) − |�03(r, φ)|2], (18)

L = i√
2

[�02(r, φ)�30(r, φ) − |�02(r, φ)|2]. (19)

Here we explicitly put the dependencies of the corresponding
Rabi frequencies on the radial coordinates.
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FIG. 4. Transverse patterns of the spontaneous emission
S(δk )/S(0). Here d = 0.4c/ωp. Initial state: (a) c0 = 1, c2 = c3 = 0,
(b) c0 = 0, c2 = c3 = 1/

√
2. OAM numbers: (i) l2 = 1, (ii) l2 = 2,

(iii) l2 = 3, (iv) l2 = 4 and l3 = 0.

A. QE at close distance

We start our analysis for the case where QE is located at
a short distance to the PN with d = 0.1c/ωp. In the case of a
vortex and a Gaussian beam used as excitation fields (Fig. 2),
one can see that both plots show the signature of the OAM
symmetry in the spontaneous emission spectra. This is indi-
cated by the shape of the emission structures in the middle part
of the beam, having azimuthal symmetry corresponding to the
OAM number l2 = 1, 2, 3, 4 of only one vortex beam. This
symmetry matches the symmetry of the interference pattern
between optical vortex and a plane wave, which is eventu-
ally imprinted onto the spontaneous emission. However, the
quality of the patterns are different for the cases when the
QE is in the ground state [Fig. 2(a)] or in the superposition
of states [Fig. 2(b)]. One can see that the emission peaks on
panel (a) do not coincide with the peaks on panel (b), also
the emission structures are rotated by some small angle (45◦)
with respect to both cases. As indicated on the scale, the

FIG. 5. Transverse patterns of the spontaneous emission
S(δk )/S(0). Here d = 0.4c/ωp. Initial state: (a) c0 = 1, c2 = c3 = 0,
(b) c0 = 0, c2 = c3 = 1/

√
2. OAM numbers: (i) l2 = −l3 = 1, (ii)

l2 = −l3 = 2, (iii) l2 = −l3 = 3, (iv) l2 = −l3 = 4.

general level of spontaneous emission is lower on [Fig. 2(b)]
compared to the plot [Fig. 2(a)]. Moreover, in Fig. 2(b) we can
observe much highly developed and narrower emission peaks
which get even more pronounced with the increased OAM
number.

In the case of two vortex beams with the opposite vortices
(Fig. 3), there is a change in the pattern symmetry. One can
see that for the both plots the azimuthal symmetry angle is
reduced by two, in accordance with the symmetry pattern
between two vortex beams having equal and opposite OAM
numbers: l2 + l3 = 2l2 = 2, 4, 6, 8. Notably, the emission at
the central part of the distribution is absent for the case of
two vortex beams when the QE initially in the ground state
[Fig. 3(a)]. Here, the emission peaks are also a lot more pro-
nounced if compared to the previous case with only one vortex
beam [Fig. 2(a)]. Moreover, in contrast to the previous plots in
Fig. 2(b), those shown in Fig. 3(b) show completely different
spatial structure. Here, the emission patterns do not exhibit
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FIG. 6. Transverse patterns of the spontaneous emission
S(δk )/S(0). Here d = 0.9c/ωp. Initial state: (a) c0 = 1, c2 = c3 = 0,
(b) c0 = 0, c2 = c3 = 1/

√
2. OAM numbers: (i) l2 = 1, (ii) l2 = 2,

(iii) l2 = 3, (iv) l2 = 4 and l3 = 0.

any localized peaks, instead, there are extended directions in
the transverse plane along which the emission preferably hap-
pens. The angular location of these directions do not coincide
with the angular positions of emission peaks in Fig. 3(a). One
can also notice that the emission areas broaden with increase
of a radial distance.

B. QE at intermediate distance

Next we analyze the situation of QE located at the interme-
diate distance d = 0.4c/ωp to the PN. For a vortex beam and
plane wave the emission plots are quite similar qualitatively
and quantitatively to those for the closely located QE when the
QE is initially in the ground state [Fig. 4(a)]. On the contrary,
when the QE is initially prepared in a superposition of the up-
per states [Fig. 4(b)], the patterns undergo significant changes.
This primarily manifests as a much higher background emis-
sion compared to the emission peak heights. Qualitatively, the

FIG. 7. Transverse patterns of the spontaneous emission
S(δk )/S(0). Here d = 0.9c/ωp. Initial state: (a) c0 = 1, c2 = c3 = 0,
(b) c0 = 0, c2 = c3 = 1/

√
2. OAM numbers: (i) l2 = −l3 = 1, (ii)

l2 = −l3 = 2, (iii) l2 = −l3 = 3, (iv) l2 = −l3 = 4.

structure is similar to that for a closely located QE [Fig. 2(b)],
but the overall background level is more pronounced here.
Moreover, the sources of underdeveloped secondary emission
peaks can be noticed in Fig. 4(b) which are located between
the main ones. Both main and secondary peaks share the same
azimuthal symmetry corresponding to l2, but are rotated by
45◦ with respect to each other.

For the vortex beams with opposite vorticities (Fig. 5), the
patterns resemble those for the closely located QE. On the
other hand, for the case in Fig. 5(b), much more pronounced
background and higher levels of spontaneous emission is
observable, with the directional emission features appearing
more broad and extended compared to Fig. 3(b).

C. QE at long distance

Finally, we consider the situation with distantly located QE
when d = 0.9c/ωp. For this situation the spatial distributions
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become quite distinct from those previously discussed. For
the vortex beam and plane wave case for QE initiated in the
ground state [Fig. 6(a)] the emission structures become more
spread and look somewhat merged, or even structureless, ex-
hibiting a single broad peak at the center. Because of that, the
underlying symmetry is harder to distinguish here, although it
is still present. On the contrary, for the case of superposition
state [Fig. 6(b)], a lot more variations happen compared to the
previous plots. The overall background level is reduced, while
the emission peaks seen in the previous plots turn into emis-
sion minima. Moreover, secondary minimas become strongly
pronounced. Both major and minor minima peaks exhibit the
same symmetry each, as previously, rotated by 45◦ angle with
respect to each other.

For the vortex beams with opposite vorticities with the
initial condition c0 = 1, c2 = c3 = 0 [Fig. 7(a)], the distinct
peak pattern becomes merged while retaining no emission at
the beam central part. Plot for initial condition c0 = 0, c2 =
c3 = 1/

√
2 [Fig. 7(b)] shows a high contrast structure with

the pronounced directional features along which emission is
observed. The emission shape broadens with the increase of
the radial distance.

IV. SUMMARY

In summary, we proposed a method to achieve the control
over spontaneous emission in double-V-type shape QE in the
vicinity of a PN, using optical excitation with vortex beams.
Specifically, the inhomogeneous spatial and phase profile of
the excitation by vortex beams allows to induce spatially
variable phase difference in the transverse plane, leading to
spatially dependent interference and variable coherence of
the upper energy states. Consequently, it results in spatially
dependent spontaneous emission spectrum, which has been
analyzed depending on different laser-matter interaction pa-
rameters, such as the QE distance from the PN, the initial state
of the QE, and the vorticities of the excitation optical beams.
Our research revealed interesting findings, like emission peak
narrowing and merging, pattern conversion and redistribution
across the transverse plane guided both by the aforementioned
parameters and the underlying symmetries of the excitation
fields. This approach can be used further in theoretical inves-
tigations or in the applied tasks to obtain spatial control of
the spontaneous emission. The proposed method could allow
for the control of optical chirality [57] of the emitted light by
employing chiral plasmonic nanostructures.
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APPENDIX: CALCULATION OF THE SPONTANEOUS
EMISSION RATES NEAR A PLASMONIC

NANOSTRUCTURE

The focus of the current study is a PN consisting of a
2D square lattice of silica nanospheres coated with metal
[see Figs. 1(b) and 1(c)]. The periodic arrangement of these

nanospheres can be achieved through various techniques, such
as self-assembly [58], nanopatterning, and nanolithography
[59]. The presence of a small/moderate disorder is not ex-
pected to significantly impact our results as we operate in
the long-wavelength limit and the influence of disorder is a
widening of the plasmonic peaks [60]. The dielectric function
of the metal-coated nanoshell is described by a Drude-type
electric permittivity [33,35]

ε(ω) = 1 − ω2
p

ω(ω + i/τ )
, (A1)

where ωp and τ are the bulk plasma frequency and the re-
laxation time of the conduction-band electrons of the metal,
respectively. A typical value of the plasma frequency for gold
is h̄ωp = 8.99 eV. This also determines the length scale of
the system as c/ωp ≈ 22 nm. The dielectric constant of SiO2

is taken to be ε = 2.1. In the calculations we have taken
τ−1 = 0.05ωp. The lattice constant of the square lattice is
a = 2c/ωp and the sphere radius S = c/ωp with the core
radius Sc = 0.7c/ωp.

The electromagnetic Green’s tensor, which provides the
relevant spontaneous emission rates �⊥ and �‖, is described
by [61,62]

GEE
ii′ (r, r; ω̄) = gEE

ii′ (r, r; ω) − i

8π2

∫∫
SBZ

d2k‖
∑

g

1

c2K+
g;z

× νgk‖;i(r) exp(−iK+
g · r)êi′ (K+

g ), (A2)

where the function νgk‖;i(r) is defined as

νgk‖;i(r) =
∑

g′
Rg′;g(ω, k‖) exp(−iK−

g′ · r)êi(K−
g′ ). (A3)

The vectors g represent the reciprocal-lattice vectors associ-
ated with the 2D periodic arrangement of the scatterer plane.
Concurrently, k‖ correspond to the reduced wave vector resid-
ing within the surface Brillouin zone of the reciprocal lattice
formed by the spheres [63]. The vector K±

g is given by

K±
g = {k‖ + g ± [q2 − (k‖ + g)2]1/2}. (A4)

When q2 = ω2/c2 < (k‖ + g)2, the wave vector K±
g takes

on an imaginary component, resulting in the formation of an
evanescent wave. In Eq. (A2), the term gEE

ii′ (r, r; ω) represents
the Green’s tensor in free space, while êi(K±

g ) denotes the
normalized polarization vector orthogonal to K±

g . In addition,
the reflection matrixRg′;g(ω, k‖) combines the contributions
of reflected (diffracted) beams resulting from the incidence
of a plane wave from the left side of the scatterer plane,
incorporating all g’. It is worth noting that components related
to s-polarized waves, which involve the unit vector êi(K±

g )
perpendicular to K±

g , have a negligible impact on the overall
decay rates. Consequently, they are intentionally disregarded
in Eq. (A2) [63].
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