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In this paper a method is proposed for achieving spatially dependent amplification without inversion (AWI) by
exposing a quantum emitter to two weak probe beams carrying orbital angular momentum. The emitter has a
double-V level scheme consisting of four energy levels in two interlinked V subsystems and possesses a closely
spaced doublet of upper energy levels. Depending on the initial state, the system exhibits spatially patterned
AWI, optical transparency, and light amplification with population inversion, which are contingent on the
presence of quantum interference in spontaneous emission from the doublet. In a scenario when the emitter

is positioned in proximity to a plasmonic nanostructure, the degree of AWI can be controlled by adjusting the
metasurface-emitter separation. This allows precise control over light-matter interactions at the nanoscale and
can lead to advanced quantum photonic devices.

Introduction

In the realm of quantum optics and laser physics, the introduction
of coherence to multilevel quantum systems can lead to a variety of
unexpected effects in the interactions between light and matter [1-8].
Notably, coherence in multilevel atomic systems enables the generation
of coherent radiation through quantum interference, resulting in new
kinds of coherent radiation sources without the need for population
inversion. This is known as amplification or lasing without inver-
sion (referred to as AWI, LWI), a well-established concept in laser
physics [9-17].

In addition to its polarization and intensity, light can also carry
orbital angular momentum (OAM) [18,19] which can take on any
integer value. This property of light arises from the spatial variation
of the phase of its wavefront, which can be associated with a rotation
of the beam around its propagation axis. The associated wavefronts are
described as having a helical shape, and the beams are often referred
to as “vortex beams”. The orbital angular momentum of a vortex beam
has led to many interesting applications in fields such as quantum
communication, microscopy, and optical trapping. One particularly
fascinating aspect of OAM is the ability to encode information in the
different values of OAM. By manipulating the OAM of light, it is
possible to create multiple channels for transmitting information, which
can increase the bandwidth and capacity of optical communication
systems.

* Corresponding author.

Optical vortex beams interacting with quantum systems offer a
range of intriguing effects. These effects include light-induced torque
[20,21], atom vortex beams [22], entanglement of orbital angular
momentum (OAM) states of photon pairs [23,24], OAM-based four-
wave mixing [25,26], creation of an atomic compass [27], mechanical
impacts of OAM on particles and atoms [28], and rotation of particles in
optical tweezers [29,30]. Additionally, vortex slow light [31-33] can be
used to provide further prospects for manipulating optical information
during the storage and retrieval of slow light. Twisted slow light also
offers additional possibilities for optical manipulation [34,35].

In this paper, we propose an approach to achieve spatially depen-
dent AWI by utilizing weak probe beams with azimuthally varying
polarization and phase structures interacting with a quantum emitter
(QE). While prior research has shown that atoms can interact with
phase-structured light to create spatially dependent electromagnetically
induced transparency (EIT), as evidenced in Refs. [36-38], our ap-
proach generates a spatially structured amplification effect (with or
without population inversion).

The underlying principle of our method of spatially varying AWI is
rooted in the phenomenon of quantum interference (QI) between spon-
taneous emission channels. Although the three-level V model scheme is
frequently cited in the literature as an illustration of QI in spontaneous
emission [1,6,39-45], this study delves into a more intricate light-
matter coupling, which takes the form of a double-V scheme. Such a
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system is composed of four energy levels, which are interconnected
to form two subsystems, each in a V-type configuration. We have
recently utilized this level scheme to study induced enhanced torque
via quantum interference in spontaneous emission [46].

The V-type QE exhibits QI in spontaneous emission only when two
closely spaced upper levels decay to a common lower level [39,40],
with nonorthogonal electric dipoles that maximize interference when
oriented almost parallel or anti-parallel. However, perfect QI is not
achievable if each leg of the V-model interacts with a separate coupling
field [40], as the Rabi frequencies of laser fields coupling each transi-
tion are linked to the alignment of the two matrix elements, leading
to a reduction of Rabi frequencies to zero in the case of perfect QI. In
contrast, the four-level double-V light-matter coupling scheme allows
for perfect interference with individual coupling. This system involves
two upper and two lower states, with the two excited states connected
to a third lower level using two laser beams, while they decay to
a fourth lower level, allowing for interference in the corresponding
spontaneous emission channels.

In the first step of our study, we examine the spatially structured
effects that arise from the QI of spontaneous emission from the dou-
blet. Depending on the initial state of the QEs, we observe spatially
dependent optical transparency, amplification of light with population
inversion, as well as AWI due to QI. However, in typical emitters,
the dipole matrix elements are orthogonal, making QI in spontaneous
emission challenging to achieve. Nonetheless, Agarwal demonstrated
that QI can be induced by placing the QE in close proximity to a
photonic structure that creates an anisotropic Purcell effect. This effect
strongly (ideally completely) suppresses the decay rate for one of the
two possible dipole orientations, while retaining the decay rate for the
second orientation [42]. Expanding on this understanding and building
upon the insights gained in the first step, we proceed to the second
step of our study, which investigates how the presence of a plasmonic
nanostructure induces spatially dependent petal-like AWI patterns with
21- fold symmetry. The level of light amplification can be remotely
controlled by adjusting the distance from the nanostructure. This allows
for precise manipulation of the spatially dependent AWI structures,
opening up new avenues for applications in quantum information and
communication technologies.

It should be pointed out that our recent research focused on the
effects of optical transparency and nonlinearity in a quantum system
situated adjacent to a plasmonic nanostructure [47]. Specifically, we
investigated the impact of a single vortex probe beam on the system.
We have also proposed a method to detect structured light through
measuring the absorption profile of a non-vortex probe beam in a
highly resonant five-level atom-light coupling setup [37]. In both
studies, a weak non-vortex probe beam was used to identify areas
of spatially dependent optical transparency and nonlinearity induced
by other optical beams carrying OAM. However, our current research
takes a different approach and objective. Our goal is to measure the
amplification of structured light in quantum systems, both in free-
space and near plasmonic nanostructures, and observe regions of light
amplification without population inversion. In this study, the azimuthal
modulation of the amplification profile is determined by the phase and
polarization of the weak vortex probe fields themselves. This approach
is distinct from previous studies that required a nonvortex beam to
detect spatially dependent effects. Moreover, it is simpler to implement
experimentally, as it only requires one type of probe beam (with OAM)
interacting with the quantum system [36].

Spatially dependent AWI may offer potential applications in the
development of compact and efficient laser sources. By selectively
amplifying certain regions of a laser medium, it may be possible to
develop laser sources with higher output powers and efficiencies than
traditional laser sources, making them useful in a variety of fields such
as materials processing, laser micromachining, and laser-based spec-
troscopy. Additionally, spatially dependent AWI could be potentially
important in the development of ultrafast optical switches, filters, and
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Fig. 1. The level structure of a quantum emitter (QE) in double-V configuration consists
of two lower states |0) and |1) and two excited levels |2) and |3) that are closely spaced.
This configuration can be realized in a variety of systems, such as atoms, molecules,
or quantum dots. To excite the system, a pair of weak and spatially inhomogeneous
probe vortex beams, denoted as 2, and 2, are employed.

modulators. By using spatially patterned AWI to selectively control the
propagation of optical pulses, it may be possible to develop optical
switches and modulators that operate on ultrafast timescales, which
could be useful in high-speed communication and signal processing
applications.

Theoretical framework and methods
Modeling light-matter interaction

Let us consider a basic model of a quantum emitter (QE) in a double-
V configuration, consisting of two lower states |0) and |1) and a pair
of closely spaced upper states |2) and |3). Such a model can be used
to describe a variety of systems, such as atoms, molecules, or quantum
dots, with the corresponding level diagram shown in Fig. 1. The excited
levels |2) and |3) decay to the lower states |1) and |0) with rates
117310 = r31 = v) and ¥ v;, (5, = v}, = 7)), respectively. The
QE is also subject to incoherent pumping by two fields, 4, and A,
(A4; = 4, = A) which transfer populations from the lower state |0) to
excited states |2) and |3), thus acting as a one-way pump process. The
lower states are coupled to the set of upper states by a pair of probe
laser fields €, and £, which are weak and spatially inhomogeneous.

The interaction between matter and light in the double-V model
quantum emitter is described by the Hamiltonian H in the interaction
representation. This Hamiltonian can be expressed as:

H = h(—a— %) 12)2 +h(—5+ %) 13)(3]

— (R€2,10)(2] + 72,]0)(3| + H.c.) . @

Here, 6 represents the detuning from resonance with the average tran-
sition energies of upper states |2) and |3) from state |0). The detuning is
calculated as 6 = w—®, where & = (w, +w;)/2—w,. The energy splitting
between the excited sublevels is represented by w3, = (w3 —®,)/2, and w
denotes the angular frequency of the fields (assuming equal frequencies
for both fields). The energy of state |i) is represented by Aw,;, where i
ranges from 0 to 3. The Hamiltonian includes terms for both the probe
fields and their Hermitian conjugates, denoted by H.c.

Assuming that two vortex beams, denoted by 2, and £2,, are inter-
acting with two legs of the lower V subsystem in the four-level double-V
model QE (as shown in Fig. 1), we can express them as follows:

17 .
Q=1 () e, @
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iQyk(p33 = poo) + 12116 = =2 —y =y = Dy = pog) + i21Kp3y +i25(i6 = =2 —y —y' = Dpyy (10)
P20 = i i ’
(6+ 22—y —y =5~ =2~y —y = H)—x?
iQ1K(pyy = poo) + 126 + =2 —y =y = Dp33 — poo) + ikpp3 +i2 (6 + =2 —y =y = Dpy an
P30 = i i ’
(6+ =2 —y =y = W6 -2 =y =y =) —«?
Box I.
Here, r represents the cylindrical radius, / is an integer that represent Here, we have assumed that |z, | = |Fi3,| = |}i|, where ¢, represents the

the topological (OAM) number, ¢ denotes the azimuthal angle, w
represents the beam waist, and |£2;| and |£2,| represent the strength
of the position-dependent vortex beams.

Steady-state matter wave equations: Solutions and analysis

We can gain insight into the behavior of the population and co-
herence dynamics by applying the Liouville equation of motion for
the density matrix, based on Eq. (1). The Weisskopf-Wigner theory of
spontaneous emission [48] can then be utilized to derive the following
equations [39,40,49]

. o oy . .
pro = (i6+ - - Y = Dy +iR1(poy — px) — i29p3 — Kp3p. (D)

p3 = (i6 — m}% —7 =7 = Dp3o +i2(poo — p33) — L2193 —kpy,  (5)
b3 = i3y =27 =2¢") po3 + i1 po3 — i2,p20 = K(p2 + P33), (6)
Pao = =2(r + 7" )pay + Apgo + 21 oy — P20) — k(P23 + P32)s @)
P33 = =207 +7")p33 + Apoo + i€2,(po3 — p30) — K (po3 + p3p)s ®
Poo =27 (pya + p33) = 24000 = i£2(Po; = P20) = i22(P03 = P30)- )

These equations are subject to two constraints: first, the elements of the
density matrix, denoted as p;;, must satisfy the condition p;; = p;.‘,.; and
second, the sum of the diagonal elements p,;, p,,, and p;; must equal
one.

The above equations introduce the parameter «, which is defined
as ¥ = py/r173- When the decay rates from the upper levels |2) and
|3) are equal, that is, y,; = y3; = 7, then «x simplifies to x = py.
This parameter is a measure of quantum interference (QI) resulting
from spontaneous emission. The parameter p describes the degree
of QI and characterizes the alignment of the two transition dipole
moments, denoted as 7i,; and 7. Specifically, p is defined as p =
Ho1-H31 /Ha IH3, | = cos 0, where 6 is the angle between the two dipole
moments. QI plays a crucial role in generating coherence [39,40].
The value of x depends strongly on the orientation of the dipole
polarizations. When they are nearly parallel, k — y (p — 1), resulting
in maximal interference; however, when they are perpendicular, x = 0
and the QI effect vanishes.

Assuming a steady-state condition, the solutions for the off-diagonal
density matrix elements p,, and ps, can be obtained from Egs. (4)—(9),
see Egs. (10) and (11) given in Box I, where

K(py + p33)
iw3 =20y +7")
The Egs. (10) and (11) are composed of two components. The initial
two terms in each equation arise from the direct transitions of |1) — |2),
[1) - |3), and are dependent on the population inversions (p; — p;;)
(where i = 2,3). The latter two terms are a result of the emergence of
QI, which is proportionate to the coherence terms p;, and p,;.

In this paper, we are also concerned with the absorption character-
istics of the system. The imaginary part of the electric susceptibility
corresponds to the absorption/gain in the medium, which can be
expressed as:

P =Py = 12)

ONEP P | P
A" P20 2. (13)
2

o) =
x(6) o 2

vacuum permittivity and N is the density of the quantum emitters.
When the light-matter interaction is weak, the zero-order solution
of 2, and 2, can be obtained as

20 + 1) [40 + 1) + 03]

P2 T e 4 R 4G + P k] [0+ 7R A 4]
14)
o —16K2(y + ") + 4@ + v [40 + 1) + 02| as)
O 162+ + 4[4+ + ] [+ 7P+ A+ )]
s = —4k(y + ¥ w3y + 2y +2¢") . ae
—16x2(y + 7' + 4[4 + 72 + 03] |7 + 1) + Ay + 7))
P11 =1=po0 = P2 = P33 a7)

Results and discussion
Spatially structured amplification induced by QI

The relationship between electric susceptibility (and consequently,
the probe absorption that is linked to the imaginary part of suscep-
tibility), and the presence of QI can be described using Eq. (13), in
conjunction with Egs. (10), (2) and (3). Specifically, when the QI
parameter x is present, the probe absorption/amplification displays
spatial dependence. Furthermore, the dependence of steady-state solu-
tions on the initial state of the QE can be demonstrated through the use
of Egs. (13), (10), (11), (14)-(17). This dependence is attributed to the
QI term «.

In what follows, we will examine different scenarios involving the
initial states of the QE. Assuming that the upper levels |2) and |3) are
degenerate (w3, = 0), and that the incoherent pump r is present in the
system (4 # 0), while the free-space spontaneous decay rate is absent
(y' = 0), we can consider a perfect interference, with x = y (p = 1).
In such a situation, Eqs. (14)—(16) can easily be used to derive the
following:

1

1
Poo =0, P2 =P =75 P =5 (18)

This indicates that the QE is initially in an antisymmetric state |D) =
@. The electric susceptibility can then be determined by substitut-
ing Eq. (18) into Egs. (10),(11) and (13), which leads to

92—91>

19
o, 2 (19)

oy = PNEE (91 -9
goh 2(i6 = 2)

By utilizing the equations for the vortex beams defined by (2) and (3)

and substituting them into Eq. (19), one can then obtain an analytical

expression for the absorption/amplification of the probe field by taking

the imaginary part of the equation, resulting

2NG* (6N, — M A
Im[¢(8)] = , 20
mlr@) = = S 20)
where M, = 2 — (X + Y)cosQ2l¢), N| = (X — Y)sin2¢p), X = :g: and
1
_ 12
T2l
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Fig. 2. Spatially dependent absorption (gain) spectrum Im(y) (in units of 2]:%‘2) () for @ I=1,Mb)I=2,()I=3,(d)I=4,(e) =10, (f) / =20. Here, 6 =0, y' =0, w3, =0,

A=y, p=1(or k =y), and |Q| = [2,| =0.1y.

On resonance when the probe field has a frequency offset of § =0,
and the Rabi frequencies of the two driving fields are equal |Q,| =
[€,] = 12|, Eq. (20) can be further simplified to

N7 <cos(21¢) - 1)

Im[y(6 =0)]=— 7
0

(2D

This equation reveals that the response of the medium to the probe
field is azimuthally varying through azimuthal phase ¢ = tan™!(y/x).
Specifically, the medium becomes transparent (Im[¥(§ = 0)] = 0)
when /¢ = nz, where n is any integer, as the imaginary part of the
susceptibility equals zero. On the other hand, the medium amplifies and
lases (Im[¥(6 = 0)] < 0) for other spatial regions (/¢p # nz) where the
imaginary part of the susceptibility is negative. The spatially structured
profile displays a 2/-fold symmetry, with transparency/gain regions
distributed alternately throughout. This symmetry arises due to the
spatial distribution of spatially engineered transparency regions in the
medium, where the imaginary part of the susceptibility is suppressed.
The formation of these regions is a result of QI in spontaneous emission,

which cancels out the imaginary part of the susceptibility at specific
spatial locations, resulting in transparency. At other specific locations,
the interference instead amplifies the probe beam, resulting in lasing.
Such light amplification is accompanied by the population inversion in
the entire 2D azimuthal space, as indicated by Eq. (18). This can be
observed in Fig. 2 where we present spatially structured transparency
and gain for different values of OAM number /. Our results demonstrate
a petal-like pattern in the spatial distribution of the imaginary part
of probe susceptibility, with each petal corresponding to a region
of transparency, and the spaces between the petals corresponding to
regions of spatially patterned light amplification. The number of petals
observed in the spatial distribution is directly proportional to the OAM
number, with each increment of the OAM number corresponding to an
additional pair of petals. This provides a straightforward method for
detecting structured light, simply by counting the number of pairs of
petals.

Next, suppose we have the QE with nondegenerate upper levels
(w3, # 0) but with no incoherent pump (4 = 0). In addition, we assume
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Fig. 3. Spatially dependent absorption (gain) spectrum Im(y) (in units of le%ll) () for @ 1=1,M)I=2,()1=3,(d) =4, (e) /=10, (f) I =20. Here, 6§ =0, y' =0, w3, =,

4=0,p=1(or k=), and [2,| = |2,| = 0.1y.

that QI is perfect (p = 1, which implies ¥ = y). Under these conditions,
the steady-state solutions (14)-(16) simplify to:

poo=1,  pn=p3=0.  py=0 (22

This situation corresponds to the QE being in the ground state |0), or
in the symmetric state |B) = 2413 1t is worth noting that Eq. (22) is
valid for any value of p whether perfect (p = 1) or imperfect (p # 1) QL
Assuming now the initial state of the QE is given by Eq. (22), we can
apply it to Egs. (10), (11) to modify the electric susceptibility (13) to

(21 Ry
2N|I7|2 uc(g1 + 92)+21y+26

> 23
goh A =2iyé (23)

x(0) =

2
where A = y2 + % — k% — 62. Using the definition of optical vortices in
Egs. (2) and (3), the probe absorption can be expressed now as:

2N|7)? AM, +2y6N,

O == "R ae

(24)

with M, = 2y — k(X + Y)cos2lp) and N, = 26 + k(Y — X)sin(2l¢)
X = % Y = %).

If |Q]1| = |!22|2= |£2| (hence X = Y) is satisfied, and the detuning
is zero (6 = 0) with perfect QI (x = y), the expression for the probe

absorption takes the form

2N 7| 8y(1 — cos(2l¢h))

eoh 2
0 @3

Im[x(6 = 0)] = (25)

Fig. 3 shows that while transparency occurs at /¢ = nr as before, the
medium becomes absorptive (Im[ (5 = 0)] > 0) in other spatial regions
(I¢ # nz) where the imaginary part of the susceptibility is positive.
This is in contrast to the previous case, where the medium only lased
in these spatial regions. The OAM number determines now the number
of petals observed in the spatial distribution, with each petal associated
with an area of absorption, separated by regions of spatially patterned
transparency.

Let us now consider the case of vortex beams with unequal
strengths, such as |2,| = 0.2y and |2,| = 0.1y, as shown in Fig. 4,
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Fig. 4. Spatially dependent absorption (gain) spectrum Im(y) (in units of le%ll) () for @ 1=1,M)I=2,()1=3,(d) =4, (e) /=10, (f) I =20. Here, 6§ =0, y' =0, w3, =,

4=0,p=1(or x =), and |2, =02y, |2, =0.1y.

while keeping § = 0 and x = y. In this scenario, Eq. (24) can convert
to

12, 12+12, 2

—2 4y |2 — =——"2- cos(2l¢)

ANEP Y 12,1142,

Im (5 = 0)] = || [ 1 22 ] ) (26)
goh w3,

Obviously from Fig. 4, when cos(2/¢) exceeds a certain threshold
(cos(2lp) > %), the vortex beams can stimulate the QEs in the
medium to emit coherent radiation, thereby causing the medium to am-
plify. This type of amplification does not require a population inversion

(see Eq. (22)), leading to spatially dependent AWI. However, if cos(2/¢)

falls below the threshold %, the medium can become either
1 2
- 1921192, 12,112,
transparent (cos(2/¢p) = 2 T 5) or absorb (cos(2/¢) < 2 I-Qllzﬂﬂzlz)

the incident radiation, depending on the exact value of cos(2/¢). The
specific threshold value of cos(2/¢) that distinguishes between the AMI
and transparency/absorption regions depends on the relative strengths
of the vortex beams. Therefore, this threshold value can vary depending

on the specific experimental setup and the properties of the medium
being used.

Spatially dependent AWI implementation in plasmonic nanostructures

In the preceding section, we introduced the concept of spatially
dependent amplification without inversion (AWI). Building upon that
idea, we now explore a possible implementation in the case where the
quantum emitter is in close proximity to a plasmonic nanostructure.
Specifically, we examine how this configuration can be utilized to
achieve spatially dependent AWI. By considering this scenario, we
can gain insights into the potential for unlocking new possibilities in
the manipulation of light and matter at the nanoscale. Note that the
spatially structured lasing effects observed earlier appeared due to the
QI effect when two closely spaced upper levels of the double-V-model
QE, namely |2) and |3), decay to a shared level, |1), allowing for in-
terference between the corresponding spontaneous emission channels.
For this type of interference effect to occur, a very precise condition
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metallic shell X

Fig. 5. Panel (a) depicts a dielectric nanosphere that has been coated with metal while
(b) shows a two-dimensional array of these spheres.

must be met: the dipole matrix moments of the closely spaced states
|2) and |3), which decay spontaneously to the common state |1), must
be nonorthogonal. If these matrix moments are orthogonal, QI cannot
occur, presenting a challenge for common quantum systems such as
atoms, molecules, and quantum dots. However, it has been suggested
that an anisotropic quantum vacuum can induce QI during the sponta-
neous emission process when the QEs are placed near a nanophotonic
structure, as predicted by Agarwal in 2000 [42].

Based on this, we will now explore the spatially dependent amplifi-
cation effect that arises from the QI when the double-V QE is positioned
in close proximity to a photonic nanostructure, specifically at a distance
of d above its surface. In Fig. 5, we can see a metal-coated dielectric
nanosphere (panel a) and a 2D array composed of a periodic array of
such spheres (panel b).

The presence of a photonic structure can alter the values of the
parameters y and k, which can be derived using equations previously
published in several studies [6,41,45,50-52]. These parameters are

given by:
2 =2

y= %g_ IMG(r.r®) - £, @7
2=2

K= ”0’2‘;’ £, ImG(r.r; @) - £,. (28)

In these equations, G(r,r;@®) represents the dyadic electromagnetic
Green’s tensor, which depends on the position of the quantum emitter
(r) and the frequency (@) given by (w; + w,)/2 — w,. The value
of yu, corresponds to the permeability of the vacuum. By using the
expressions in Egs. (27) and (28), one can calculate the values of y and
x as follows:

2-2

HoH~ @ _ - 1
vy = 02h Im [Gl(r,r;w) + G”(r,r;a})] = 5(1]_ + 1), (29)
22
HoH~@ _ - 1
k=== Im[Gy(r.r:d) ~ Gy 13 ®)] = (I, =~ T)). (30)

In this context, the symbols L and || refer to dipoles that are oriented
normally (along the z axis) and parallel (along the x axis), respectively,
to the surface of the plasmonic material. The components of the electro-
magnetic Green’s tensor of the surrounding plasmonic environment are
denoted by G, (r,r;®) = G,,(r,r;®) and G, 1;®) = Gy (r,1; ). The
spontaneous emission rates for an emitter oriented normal and parallel
to the surface are given by e I' | = you’@* Im [G | (x,x;®)] /.

The degree of quantum interference in spontaneous emission is
represented by the parameter p, which is given by

p=UL =T/ +T. (3D
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When p equals 1, the maximum level of quantum interference oc-
curs [53]. This typically happens when the emitter is in close proximity
to a structure that can fully suppress I',. On the other hand, if the
emitter is situated in free-space vacuum, then I', = I, yielding x =0
and consequently p = 0. Therefore, quantum interference is completely
absent in the double-V system.

The focus of the current study is a plasmonic nanostructure con-
sisting of a 2D square lattice of silica nanospheres coated with gold
(see Figs. 5(a) and 5(b)). The periodic arrangement of such nanospheres
(nanoshells) can be achieved through various techniques, such as self-
assembly [54], nanopatterning, and nanolithography [55]. The dielec-
tric function of the gold-coated nanoshell is described by a Drude-type
electric permittivity given by:

2

p
B w(w+i/t) (32)

e(w)=1
Here, , and 7 represent the bulk plasma frequency and the relaxation
time of the conduction-band electrons of the gold, respectively. The
plasma frequency for gold typically has a value of 7w, = 8.99¢V [56,
57]. This value is essential in determining the length scale of the
system, which is approximately c¢/w, ~ 22 nm. Assuming a dielectric
constant of ¢ = 2.1 for SiO,, all subsequent calculations take into
account the assumption that 7~! = 0.05w,,. Additionally, the lattice con-
stant of the square array is determined by a = 2¢/®,. The nanoshells’
geometry is described by two parameters: the total sphere radius .S =
¢/w, and the core radius S, = 0.7c/w,.

The electromagnetic Green’s tensor that provides the relevant spon-
taneous emission rates, I, and I, can be expressed as [50,58,59]:

EE . w. =\ _ ,EE R 2 1
Gy (r.1:0) = g, (r. 5 0) = = //SBZd K, Zg: KL
X vng;,-(r)exp(—iK'g+ 18 (K'g*), (33)

where the function Vg

Vet (1) = ., Ryrig(@, k) exp(=iKy, - 1)& (K. (34
g/

ki () 18 defined as:

The vectors g are the reciprocal-lattice vectors associated with the 2D
periodic lattice of the scatterer plane, while k; is the reduced wave
vector that lies within the surface Brillouin zone of the reciprocal lattice
of the spheres [60]. The vector K;f is defined as:

KE = (k +g =[¢° - (k +271'%). (35)

When ¢* = @ /c* < (k; +g)*, the wave-vector K¥ acquires an imaginary
part, resulting in an evanescent wave. In Eq. (33), the term gif,E (r,r;w)
represents the free-space Green’s tensor, while &; (K‘g—*) denotes the polar
unit vector normal to Kg. Additionally, the reflection matrix Ry o(@,k)
sums over the reflected (diffracted) beams generated by the incidence
of a plane wave from the left of the scatterer plane, with contributions
from all g’s. The terms corresponding to s-polarized waves, which
contain components with the unit vector é[(Kg) normal to K*, make a
trivial contribution to the total decay rates and are therefore neglected
in Eq. (33) [60].

We set @ = 0.6320, and define d as the distance between the
plasmonic nanostructure’s surface (plane of sphere centers) and the
quantum system. The values of I} and I associated with different
distances to the plasmonic nanostructure used in this study are shown
in Fig. 3 of Ref. [61]. The findings show that I} is significantly
suppressed, and its actual value is much smaller than the corresponding
free-space decay rate. Additionally, the value of I'| decreases as the
distance between the quantum emitter and the plasmonic nanostructure
increases. In close proximity to the lattice of the plasmonic nanoshells,
I'; becomes much larger than the free-space decay rate. For distances
up to 0.6c/w,, I', is higher than the decay rate in vacuum. However,
for separations between 0.65¢/w, and c¢/w,, the decay rate I'; is lower
than that in vacuum.
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Fig. 6. (a) Scatter plot illustrating the relationship between light amplification and distance from a plasmonic nanostructure. Light amplification is measured in units of %,

)
and the minimum value of the imaginary part of the susceptibility (Im(y)) is used as a metric. The plot examines also how changing certain parameters, such as strengths of the
vortex beams and the doublet splitting, affect the amplification-distance relationship. Three cases are shown: (a) with standard parameters 6 =0, y' =0, w3, =7, 1 =0, |£2,| =02y,

1€,

In order to capture the spatially varying amplification of the double-
V QE near the plasmonic nanostructure, resulting from the interplay
between optical vortex beams and the presence of QI in spontaneous
emission, we focus on the case where ws, is non-zero and 4 is equal to
zero. This is akin to the second scenario discussed in the previous sec-
tion. It is worth noting that the first scenario, where p = 1 (x = y) and
maximum interference is achieved, cannot occur near the plasmonic
nanostructures.

The equation that describes the absorption of the probe field in this
case can be obtained by substituting Egs. (29) and (30) into Eq. (24)
and setting the resonance condition § = 0. The resulting equation takes
the form:

Im[x(6 = 0)]
12 P+ 1212 +12, 2
2N|/7|2 4 {FJ_ [1 ETNN cos(2l¢) +1I 1+ ETN cos(2l¢p)
G W +AL Ty |

(36)

This equation contains two terms in the numerator, with the first term
responsible for amplification and the second term leading to absorption.
However, since the decay rate perpendicular to the surface of the
plasmonic nanostructure, I'|, is substantially greater than the decay
rate parallel to the surface, I, the first term prevails in certain spatial
locations, resulting in specific regions experiencing light amplification,
where the imaginary component of y (with § = 0) turns negative. Such
a gain occurs without any population inversion as provided by Eq. (22).

We do not replicate the spatially dependent plots in this section
since they closely resemble those in the previous section. Instead, we
use scatter plots to showcase the amplification levels and their variation
with distance from a plasmonic nanostructure. Fig. 6 shows a scatter

=0.1y and !/ = 1, (b) with increased |2,| to |2,| = 0.25y, and (c) with increased w;, to w;, = 2y.

plot illustrating the relationship between AWI and distance from a plas-
monic nanostructure. Light amplification is measured in units of ﬂzilz,
and the minimum value of the imaginary part of the susceptib[{lity
(Im(y)) is used as a metric. The plot illustrates how changing certain
parameters, such as the strengths of the vortex beams and energy
splitting, affect the amplification-distance relationship. Three cases are
shown: (a) with standard parameters, (b) with increased ||, and (c)
with increased ws,. Panel (a) shows that the light amplification deepens
for distances up to d = 0.3¢/®, and then begins to decrease for distances
from 0.4c/w, to c¢/w,. In particular, the level of amplification increases
with increasing |£,| to |£2;| = 0.25y, as shown in panel (b). Notably,
increasing ws, to w3, = 2y actually results in less amplification, as seen
in panel (c). However, the largest gain is now attained at a distance
of d = 0.2¢/w,. The results of the study suggest that the amplification
of light can be controlled remotely by adjusting system parameters. It
is worth noting that we have only investigated here the case where
the strengths of the vortex beams are unequal, i.e., |2, # |2,]. In the
event that |Q,| = |2,|, no amplification will occur. Instead, spatially
dependent absorption/transparency structures with 2/-fold symmetry
will be produced, similar to those illustrated in Fig. 3.

The probe laser fields £, and £, can be created by passing a
linearly polarized probe laser through a ¢ plate (liquid-crystal-based
retardation wave plates with an inhomogeneous optical axis, which
exhibit an azimuthal topological charge ¢) with ¢ = //2, similarly as in
Ref. [36]. In this case, the resulting light will have correlated circular
polarization and angular momentum. Left and right circularly polarized
components couple to the sublevels with magnetic quantum numbers
my = 1. Each polarization component exhibits a uniform intensity in
the azimuthal direction, featuring a dark vortex core at its center. As the
orthogonal polarizations do not interfere with each other, the overall
beam maintains its uniform azimuthal intensity.
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Concluding remarks

To summarize, this study investigates the interaction between a
double-V-model QE and weak probe beams carrying OAM. By taking
into account QI in spontaneous emission from the doublet of upper en-
ergy levels, the study reveals the emergence of both spatially dependent
transparency and amplification with or without population inversion,
depending on the initial state of the QEs. When placing the QE next to
a plasmonic nanostructure, the distance between the QE and a nanos-
tructure can be controlled to create spatially structured AWI patterns,
opening new avenues for manipulating such optical effects. The ability
to manipulate the spatially dependent lasing through the topological
charge and proximity to a plasmonic nanostructure may lead to break-
throughs in optical information processing, optical communication, and
sensing, improve our understanding of quantum emitter—environment
interactions and highlight the potential for achieving precise control
over light-matter interactions at the nanoscale.

The double-V-model QE setup can be experimentally implemented
using various atomic schemes, such as those with two J = 0 states
for the lower states (|0) and |1)), and M = +1 sublevels of a J = 1
state for the excited states (|2) and |3)). By applying a static magnetic
field, the energy difference Aws;, can be adjusted. Another possible
implementation is using hyperfine sublevels of the D lines in alkali-
metal atoms such as 8°Rb and 8 Rb [62-64]. Alternatively, a dual
CdSe/ZnS/CdSe quantum dot system can also be utilized [62].
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